
𝑔ఓఔ ⟶ 𝑔ఓఔ = 𝛺ଶ𝑔ఓఔ; 𝑔ఓఔ ⟶ 𝑔ఓఔ = 𝛺ିଶ𝑔ఓఔ; 𝜙 ⟶ 𝜙෨ = 𝛺ି
ଵ
ଷ𝜙 

 

𝑆ሚఓఔ
ఒఋ

= 𝜙෨ଶ𝑅෨ఓఔ
ఒఋ

ᇣᇧᇤᇧᇥ


+𝑘ଵ𝛿[ఓ
[ఒ

𝛿ఔ]
ఋ]

∇෩ఘ𝜙෨∇෩ఘ𝜙෨ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ଵ

+𝑘ଶ𝜙෨𝛿[ఓ
[ఒ

∇෩ఔ]∇෩
ఋ]𝜙෨ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ଶ

+𝑘ଷ𝛿[ఓ
[ఒ

∇෩ఔ]𝜙෨∇෩ఋ]𝜙෨ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
ଷ

 

0  

𝑅෨
ௗ

= 𝛺ିଶ ቄ𝑅
ௗ − 4𝛿[

[
∇]∇

ௗ]𝑙𝑛𝛺 + 4𝛿[
[

∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺 − 2𝛿[
 𝛿]

ௗ ∇𝑙𝑛𝛺∇𝑙𝑛𝛺ቅ 

𝜙෨ଶ𝑅෨
ௗ

= 𝛺ି
଼
ଷ𝜙ଶ ቀ𝑅

ௗ − 4𝛿[
[

∇]∇
ௗ]𝑙𝑛𝛺 + 4𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺

− 2𝛿[
 𝛿]

ௗ ∇𝑙𝑛𝛺∇𝑙𝑛𝛺ቁ 

∎ 
1  

∇෩ఘ𝜙෨ = ∇ఘ ൬𝛺ି
ଵ
ଷ𝜙൰ = 𝛺ି

ଵ
ଷ∇ఘ𝜙 + 𝜙∇ఘ𝛺ି

ଵ
ଷ = 𝛺ି

ଵ
ଷ ൬∇ఘ𝜙 −

1

3
𝜙∇ఘ𝑙𝑛𝛺൰ 

∇෩ఘ𝜙෨ = 𝑔ఘఙ∇෩ఙ𝜙෨ = 𝛺ି
ଵ
ଷ𝑔ఘఙ ൬∇ఙ𝜙 −

1

3
𝜙∇ఙ𝑙𝑛𝛺൰ = 𝛺ି


ଷ ൬∇ఘ𝜙 −

1

3
𝜙∇ఘ𝑙𝑛𝛺൰ 

∇෩ఘ𝜙෨∇෩ఘ𝜙෨ = 𝛺ି
଼
ଷ ൬∇ఘ𝜙 −

1

3
𝜙∇ఘ𝑙𝑛𝛺൰ ൬∇ఘ𝜙 −

1

3
𝜙∇ఘ𝑙𝑛𝛺൰ 

= 𝛺ି
଼
ଷ ൬∇ఘ𝜙∇ఘ𝜙 −

2

3
𝜙∇ఘ𝑙𝑛𝛺∇ఘ𝜙 +

1

9
𝜙ଶ∇ఘ𝑙𝑛𝛺∇ఘ𝑙𝑛𝛺൰ 

𝑘ଵ𝛿[
[

𝛿]
ௗ]

∇෩𝜙෨∇෩𝜙෨ = 𝛺ି
଼
ଷ𝑘ଵ𝛿[

[
𝛿]

ௗ]
൬∇𝜙∇𝜙 −

2

3
𝜙∇𝑙𝑛𝛺∇𝜙 +

1

9
𝜙ଶ∇𝑙𝑛𝛺∇𝑙𝑛𝛺൰ 

∎ 
2  

𝐶ௗ
 = 𝛿

ௗ∇𝑙𝑛𝛺 + 𝛿
ௗ∇𝑙𝑛𝛺 − 𝑔∇ௗ𝑙𝑛𝛺 

𝛿
∇෩∇෩ௗ𝜙෨ = 𝛿

∇൫∇෩ௗ𝜙෨൯ + 𝛿
𝐶ௗ

∇෩𝜙෨ 

= 𝛿
∇ ൜𝛺ି


ଷ ൬∇ௗ𝜙 −

1

3
𝜙∇ௗ𝑙𝑛𝛺൰ൠ + 𝛿

𝐶ௗ
𝛺ି


ଷ ൬∇𝜙 −

1

3
𝜙∇𝑙𝑛𝛺൰ 

= 𝛿
∇ ൬𝛺ି


ଷ൰ ൬∇ௗ𝜙 −

1

3
𝜙∇ௗ𝑙𝑛𝛺൰ + 𝛺ି


ଷ𝛿

∇ ൬∇ௗ𝜙 −
1

3
𝜙∇ௗ𝑙𝑛𝛺൰

+ 𝛿
𝐶ௗ

𝛺ି

ଷ ൬∇𝜙 −

1

3
𝜙∇𝑙𝑛𝛺൰ 

= −
7

3
𝛺ି


ଷ𝛿

∇𝑙𝑛𝛺 ൬∇ௗ𝜙 −
1

3
𝜙∇ௗ𝑙𝑛𝛺൰

+ 𝛺ି

ଷ𝛿

 ൬∇∇ௗ𝜙 −
1

3
∇𝜙∇ௗ𝑙𝑛𝛺 −

1

3
𝜙∇∇ௗ𝑙𝑛𝛺൰

+ 𝛿
𝐶ௗ

𝛺ି

ଷ ൬∇𝜙 −

1

3
𝜙∇𝑙𝑛𝛺൰ 



= 𝛺ି

ଷ ൬𝛿

∇∇ௗ𝜙 −
4

3
𝛿

∇𝑙𝑛𝛺∇ௗ𝜙 −
4

3
𝛿

∇ௗ𝑙𝑛𝛺∇𝜙 +
7

9
𝜙𝛿

∇𝑙𝑛𝛺∇ௗ𝑙𝑛𝛺

−
1

3
𝜙𝛿

∇∇ௗ𝑙𝑛𝛺 + 𝛿
𝛿

ௗ∇𝑙𝑛𝛺∇𝜙 −
1

3
𝜙𝛿

𝛿
ௗ∇𝑙𝑛𝛺∇𝑙𝑛𝛺൰ 

𝑘ଶ𝜙෨𝛿[
[

∇෩]∇෩
ௗ]𝜙෨

= 𝛺ି
଼
ଷ𝑘ଶ𝜙 ൬𝛿[

[
∇]∇

ௗ]𝜙 −
4

3
𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝜙 −

4

3
𝛿[

[
∇ௗ]𝑙𝑛𝛺∇]𝜙

+
7

9
𝜙𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺 −

1

3
𝜙𝛿[

[
∇]∇

ௗ]𝑙𝑛𝛺 + 𝛿[
[

𝛿]
ௗ]

∇𝑙𝑛𝛺∇𝜙

−
1

3
𝜙𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝑙𝑛𝛺൰ 

∎ 
3  

∇෩𝜙෨∇෩ௗ𝜙෨ = 𝛺ି
଼
ଷ ൬∇𝜙 −

1

3
𝜙∇𝑙𝑛𝛺൰ ൬∇ௗ𝜙 −

1

3
𝜙∇ௗ𝑙𝑛𝛺൰

= 𝛺ି
଼
ଷ ൬∇𝜙∇ௗ𝜙 −

1

3
𝜙∇ௗ𝑙𝑛𝛺∇𝜙 −

1

3
𝜙∇𝑙𝑛𝛺∇ௗ𝜙

+
1

9
𝜙ଶ∇𝑙𝑛𝛺∇ௗ𝑙𝑛𝛺൰ 

𝑘ଷ𝛿[
[

∇෩]𝜙෨∇෩ௗ]𝜙෨

= 𝛺ି
଼
ଷ𝑘ଷ ൬𝛿[

[
∇]𝜙∇ௗ]𝜙 −

1

3
𝜙𝛿[

[
∇ௗ]𝑙𝑛𝛺∇]𝜙 −

1

3
𝜙𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝜙

+
1

9
𝜙ଶ𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺൰ 

∎ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



0 + 1 + 2 + 3  
 

𝜙෨ଶ𝑅෨
ௗ

+ 𝑘ଵ𝛿[
[

𝛿]
ௗ]

∇෩𝜙෨∇෩𝜙෨ + 𝑘ଶ𝜙෨𝛿[
[

∇෩]∇෩
ௗ]𝜙෨ + 𝑘ଷ𝛿[

[
∇෩]𝜙෨∇෩ௗ]𝜙෨ 

= 𝛺ି
଼
ଷ ൬𝜙ଶ𝑅

ௗ − 4𝜙ଶ𝛿[
[

∇]∇
ௗ]𝑙𝑛𝛺 + 4𝜙ଶ𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺

− 2𝜙ଶ𝛿[
 𝛿]

ௗ ∇𝑙𝑛𝛺∇𝑙𝑛𝛺 + 𝑘ଵ𝛿[
[

𝛿]
ௗ]

∇𝜙∇𝜙

−
2𝑘ଵ

3
𝜙𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝜙 +

𝑘ଵ

9
𝜙ଶ𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝑙𝑛𝛺

+ 𝑘ଶ𝜙𝛿[
[

∇]∇
ௗ]𝜙 −

4𝑘ଶ

3
𝜙𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝜙 −

4𝑘ଶ

3
𝜙𝛿[

[
∇ௗ]𝑙𝑛𝛺∇]𝜙

+
7𝑘ଶ

9
𝜙ଶ𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺 −

𝑘ଶ

3
𝜙ଶ𝛿[

[
∇]∇

ௗ]𝑙𝑛𝛺

+ 𝑘ଶ𝜙𝛿[
[

𝛿]
ௗ]

∇𝑙𝑛𝛺∇𝜙 −
𝑘ଶ

3
𝜙ଶ𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝑙𝑛𝛺

+ 𝑘ଷ𝛿[
[

∇]𝜙∇ௗ]𝜙 −
𝑘ଷ

3
𝜙𝛿[

[
∇ௗ]𝑙𝑛𝛺∇]𝜙 −

𝑘ଷ

3
𝜙𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝜙

+
𝑘ଷ

9
𝜙ଶ𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺൰ 

= 𝛺ି
଼
ଷ ൬𝜙ଶ𝑅

ௗ + 𝑘ଵ𝛿[
[

𝛿]
ௗ]

∇𝜙∇𝜙 + 𝑘ଶ𝜙𝛿[
[

∇]∇
ௗ]𝜙 + 𝑘ଷ𝛿[

[
∇]𝜙∇ௗ]𝜙

− 2𝜙ଶ𝛿[
[

𝛿]
ௗ]

∇𝑙𝑛𝛺∇𝑙𝑛𝛺 −
12 + 𝑘ଶ

3
𝜙ଶ𝛿[

[
∇]∇

ௗ]𝑙𝑛𝛺

+
𝑘ଵ − 3𝑘ଶ

9
𝜙ଶ𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝑙𝑛𝛺

+
36 + 7𝑘ଶ + 𝑘ଷ

9
𝜙ଶ𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝑙𝑛𝛺 −

4𝑘ଶ + 𝑘ଷ

3
𝜙𝛿[

[
∇]𝑙𝑛𝛺∇ௗ]𝜙

−
4𝑘ଶ + 𝑘ଷ

3
𝜙𝛿[

[
∇ௗ]𝑙𝑛𝛺∇]𝜙 +

3𝑘ଶ − 2𝑘ଵ

3
𝜙𝛿[

[
𝛿]

ௗ]
∇𝑙𝑛𝛺∇𝜙൰ 1 

𝑘ଵ = −18; 𝑘ଶ = −12; 𝑘ଷ = 48 

𝑆ఓఔ
ఒఋ = 𝜙ଶ𝑅ఓఔ

ఒఋ − 18𝛿[ఓ
[ఒ

𝛿ఔ]
ఋ]

∇ఘ𝜙∇ఘ𝜙 − 12𝜙𝛿[ఓ
[ఒ

∇ఔ]∇
ఋ]𝜙 + 48𝛿[ఓ

[ఒ
∇ఔ]𝜙∇ఋ]𝜙 

 
 
 
 
 
 

                                                 
1  

𝛿[
[

𝛿]
ௗ]

=
1

2
൫𝛿[

 𝛿]
ௗ − 𝛿[

ௗ 𝛿]
 ൯ =

1

4
൫𝛿

𝛿
ௗ − 𝛿

𝛿
ௗ − 𝛿

ௗ𝛿
 + 𝛿

ௗ𝛿
൯ =

1

2
൫𝛿

𝛿
ௗ − 𝛿

𝛿
ௗ൯ = 𝛿[

 𝛿]
ௗ  


